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Five recently developed one-equation turbulencemodels are assessed against experiments for several flows. These

models are the Menter model, modified Menter model, Wu–Nagano model, Fares–Schröder model, and Goldberg

model. All models except the latter, which was constructed using physical arguments in boundary layers, were

developed using Menter’s methodology of transforming two-equation turbulence models to one-equation models

using Bradshaw’s correlation. The destruction term of the modified Menter model is modified and tested for all

considered test cases. This modification renders the model Galilean-invariant and independent of the freestream

value of the turbulent intensity. The Spalart–Allmaras turbulencemodel is also investigated for comparison with the

five aforementionedmodels. Calculations are presented for internal and external flowfields, including zero-pressure-

gradient flow over a flat plate, separation and reattachment flows in a backward-facing step, shock/boundary-layer

interaction, and adverse-pressure-gradient flows over airfoils at various angles of attack. Although the modified

Mentermodel demonstrates improved predictive capabilities in themajority of the considered cases, its contribution

is relatively moderate when compared with existing models.

Nomenclature

A��, A
�, B� = turbulence-model closure coefficients

Cf = skin-friction coefficient
c1, c2, c3 = turbulence-model closure coefficients
c"1, c"2,
c�, cv1

= turbulence-model closure coefficients

cb1, cb2, cw1 = turbulence-model closure coefficients
D = turbulent destruction, m2=s2

D� �=Dt = material derivative
D1, D2 = turbulence-model wall-damping functions
d = shortest distance to wall, m
EBB = Baldwin–Barth destruction term, m2=s2

F̂, Ĝ = flux vectors
fa, fb, fe = turbulence-model wall-damping functions
fv1, fv2,
f", f�

= turbulence-model wall-damping functions

fp = turbulence-model production limiter

f��, f�, fw = turbulence-model closure coefficient
g = turbulence-model closure coefficient
LVK = von Kármán length scale, m
lr = reattachment length, m
Pk = turbulence production, m2=s2

P� = dimensionless pressure gradient
Q̂ = vector of conserved quantities

R̂, Ŝ = viscous flux vectors
Re = Reynolds number
r = destruction-to-production ratio
S = strain-rate magnitude, s�1

Sij = strain-rate tensor components, s�1

U, V,W = Cartesian mean velocity components, m=s
Uo, Vo,Wo = Cartesian reference frame velocity components,

m=s
ue = boundary-layer edge velocity

u" = dimensionless Kolmogorov velocity scale
u� = dimensionless velocity scale
v = kinematic viscosity, m2=s
y" = dimensionless, Kolmogorov velocity-scaled

distance
y� = dimensionless, sublayer-scaled distance
�, �,
��, ��c

= turbulence-model constants

�� = boundary-layer thickness
"� = turbulence dissipation rate, m2=s3

� = momentum thickness
� = von Kármán constant
�T , ~�T = kinematic eddy viscosity, m2=s
�, 	 = dimensionless coordinates

R, 
 = turbulent diffusion coefficient
� = test variable for the destruction term, m=s2

� = turbulent to laminar viscosity ratio
 k = dimensionless cross-diffusion function
 ! = dimensionless vortex-stretching function
� = magnitude of the vorticity, s�1

�ij = vorticity-rate tensor components, s�1

Subscripts

i, j, k = Cartesian vector and tensor notation indices
T = turbulent
1 = freestream

Introduction

OVER the past decade there has been a growing interest in direct
numerical simulation (DNS) and large eddy simulation (LES).

Although DNS provides accurate prediction and detailed turbulence
structure in complex flowfields, it requires high computational
resources that are still not practical at highReynolds numbers. LES is
more popular, however, as it demands less computational resources
than the DNS and is more accurate than the Reynolds-averaged
Navier–Stokes (RANS). Furthermore, the underlying principles
behind LES are physically more reasonable than those of the RANS.
In spite of these advantages, LES still requires a fine mesh to resolve
the filtered large-scale motion, which becomes prohibitive in 3-D
complex flows with massive separation at high Reynolds numbers.
To remedy this problem, a hybrid RANS/LES approach is currently
used in which LES resolves turbulent flow structures away from the
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wall and RANS is used to model the near-wall turbulence. More
accurate approaches that combine both RANS and LES are currently
used [1,2], where the LES is locally used to resolve near-wall flow
structures in areas where RANS possess weaknesses. Hence, RANS
modeling is still essential to accurately account for the near-wall
structures of turbulence over complex geometries. Furthermore,
solving fewer transport equations is highly desirable to reduce the
computational demands, especially when predicting real-world
engineering flowfields.

One-equation turbulence models enjoyed a wide popularity, as
they are numerically inexpensive, easily implemented, and complete
models that directly solve for the eddy viscosity in a flowfield. They
are relatively more accurate when compared with standard two-
equationmodels, although they do not account for turbulent time and
length scales. One-equationmodels enjoyed a lengthy history started
by Prandtl [3], who derived the k-transport model and related it to the
turbulent viscosity via a problem-dependent length scale. Nee and
Kovasznay [4], followed by Sekundov [5], were the first to postulate
a single-equation model that directly solves for the turbulent
viscosity. Baldwin and Barth [6] were among the pioneers who
derived their one-equation model by transforming the classical k-"
closure. Their model performed very differently when compared
with its parent k-"model, however, even in simple equilibrium flows
[7]. To a large extent, the failure of the Baldwin–Barth (BB)
turbulence model was due to the assumptions made in the trans-
formation process, which led to ill-conditioned behavior near
turbulent/nonturbulent interfaces [7]. The BB model was closely
followed by the Spalart–Allmaras (SA)[8] model, which has been
among the most popular and widely used models. Unlike the BB
model, the SA model was developed from physical arguments in
wall-bounded and free-shear flows. The main disadvantage of this
model is its explicit wall dependency rendering it inflexible. Later,
Menter [7] demonstrated an approach in which two-equation
closures could be transformed to one-equation models using
Bradshaw’s relation. The resultant model showed a closer bond to its
parent k-" model when compared with the BB closure. Goldberg
[9,10] developed two one-equation models that are similar to the BB
model in the high-Reynolds-number form, except that the
destruction term was conditioned near boundary-layer edges, which
is an approach aimed to eliminate what the BBmodel inherited from
the use of such a destruction term. However, this condition rendered
both models non-Galilean-invariant. Nagano et al. [11], and Fares
and Schröder [12] derived their one-equation models usingMenter’s
strategy. Nagano et al. [11] transformed the low-Reynolds-number
k-" model, which resulted in many nonlinear and mostly singular
wall-reflecting terms. To remedy this problem, Wu and Nagano [13]
simplified their original model by eliminating these terms that
negatively influenced the stability and the convergence of the
numerical simulations. Furthermore, they adjusted the model’s
constants and wall functions and tested it in channel and boundary-
layer flows with and without pressure gradients. Fares and Schröder
[12] transformedWilcox’s [14] two-equation k-!model and showed
good results in wall-bounded and free-shear flows. Elkhoury [15]
modified Menter’s model by limiting the production rate and
assessed the performance of the model with different destruction
terms using Goldberg’s [9,10] proposed modification to the
destruction term. Elkhoury [16] proposed a one-equation model
based on the transformation of the k-" model that included the Yap
correction term and applied it to several aerodynamic flows.

Galilean invariance is an important criterion for all turbulent
models to possess, especially when multiple moving boundaries are
present. Hence, the first objective of the present work is tomodify the
destruction term of the one-equation k-!-based Menter model [15]
by eliminating Goldberg’s [9,10] condition and hence rendering the
model Galilean-invariant. Furthermore, the proposed modification
results in a model that is insensitive to the freestream values of the
turbulent intensity.

The second objective is to test the predictive capabilities of five
newly developed single-equation turbulence models. These models
were not validated beyond the scientific journals in which they were
postulated, providing another incentive behind this work. The SA

model is also included to serve as a benchmark against which other
models will be assessed. All six one-equation turbulence models are
carefully assessed throughout flow computations over several
challenging test cases. Velocity profiles, turbulent shear stresses, and
skin-friction coefficients are numerically simulated and assessed
against theoretical/experimental data.

Investigated Turbulence Models

The six turbulencemodels that have been assessed in this work are
as follows.

Fares–Schröder Model

Fares and Schröder (FS) [12] transformed the refined k-! two-
equation turbulence closure of Wilcox [14] using Menter’s [7]
methodology to a one-equation model. The final form of the model
excluding the isentropic decay of turbulence term can be expressed as
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The functions  k and  ! (and, consequently, f
�
� and f�) account

for the cross-diffusion and vortex-stretching [14] and follow from the
transformation of Wilcox model:
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p
, Sij � �@Ui=@xj � @Uj=@xi�=2, and �ij�

�@Ui=@xj � @Uj=@xi�=2.
It is worth noting that the cross-diffusion function was included in

the model to solely account for free-shear flows, whereas the vortex-
stretching function is zero for two-dimensional flows. The near-wall-
damping function of Mellor and Herring [17] was used to damp the
eddy viscosity:

fv1 �
�3

c3v1 � �3
; �� ~�T

�
; �T � ~�Tfv1 (4)

Preliminary test cases of the one-equation model based on k-!
closure performed by Menter [7] revealed the dependency of the
model on the freestream value of the eddy viscosity. This means that
the model carried this deficiency from its parent k-! model.
Furthermore, large gradients invelocities develop near the boundary-
layer edge, which was possibly attributed to the low value of
diffusion coefficient. To eliminate these deficiencies, the model’s
constants 
 and � were recalibrated [12]. The coefficients of the
model are

�� 0:29; 
 � 1:2; ��c � 0:09

�c � 0:072; cv1 � 9:1 (5)

Wu–Nagano Model

The Wu–Nagano (WN) model was originally derived by Nagano
et al. [11] via the transformation of the low-Reynolds-number (LRN)
k-"model [18] to a LRN one-equation model. No damping functions
were pragmatically imposed on the model as near-wall terms were
explicitly demonstrated in their model. However, these terms were
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singular and highly nonlinear in the near vicinity of the wall [13].
Furthermore, the near-wall terms were so many that their imple-
mentation was very difficult and had negative influence on the
stability and convergence of the numerical solution rendering the
model less attractive.Wu and Nagano [13] proposed another version
where they simplified the model by amending theses terms and
adjusting its constants and functions. The modified model, which
reproduces correct wall-limiting behavior of turbulence, was tested
for boundary-layer flows with and without adverse pressure
gradients and for channel flows at various Reynolds numbers [13].
The simplified model is summarized as follows:
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where EBB is the Baldwin–Barth’s destruction term used as an upper
bound and is given by

EBB �
@�T
@xj

@�T
@xj

(7)

The production’s term c1 coefficient can be expressed as

c1 �
�����������
C�fa

q
��2 � c"1� � �c"2f" � 2�fb� (8)

with the following wall functions:

f� � �1 � e�y"=A
�
� �2
�
1�

B�
y3"

�
; fa � �1 � e��y"=18�

6 �1=3 (9)

The coefficients B� and A�� are given by

B� � 20:3 	 Re1=71 ; A�� � 16=�1� 63P�� (10)

where Re1 is based on the freestream Reynolds number and the
nondimensional pressure follows as P� � ��dP=dx�=�
u3��. Here,
y" is a nondimensional distance from the wall that is based on the
Kolmogorov velocity scale u" � ��"��1=4, since basing it on the
friction velocity might lead to absurd results in flows that involve
separation and reattachment. The nondimensional distance can be
defined by

y" � u"y=� (11)

A corrected definition of the dissipation rate, "� is given by

"� � fb�TS2 � "a; with fb �
f�
fa

(12)

where "a corrects the dissipation rate away from thewall and is given
by

"a � 0:6fe�
�����������
�U2
i =2

q
=�1� �T=���4=�; with fe � 1 � e���T=35��3

(13)

with the following constants:

c"1 � 1:45; c"2 � 1:9; c3 � 7:0

c� � 0:09; and 
 � 1:8 (14)

The main shortcoming of this model lies in its dependency on the
nonlocal flow variables such as the freestream velocity, which is
outside the boundary layer.

Goldberg Model

Goldberg [9] developed a one-equation model for the eddy
viscosity that is similar to the BB model in the high-Reynolds-
number form. The model was calibrated using physical argument in

turbulent boundary layer. The transport equation, which is wall-
distance-free, can be expressed as
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The turbulence production, expressed in terms of the Boussinesq
model, is given by
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and the destruction term is given by
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0; Otherwise
(17)

where

�� @VTotal

@xj

@ ~�T
@xj

VTotal � ��U � U0�2 � �V � V0�2 � �W �W0�2�1=2 (18)

Here,U0, V0, andW0 are the reference-fame velocities taken here as
zero. This condition is usually active near shear-layer edges, thus
avoiding sharp turbulence/nonturbulence interface. The damped
eddy viscosity is defined by

�T � f� ~�T (19)

where the damping functions are given by

f� � �tanh���2��=�tanh���2��; f3 � 1� 2�=�3�c3��
�� ~�T=� (20)

with the following constants:

c2��5�=�3�c3��; c1� �2�c3� c2�
�1R �
c3� c2� 3=�2
R�; 
R� 0:8; �� 0:07; �� 0:2 (21)

Menter Model

Menter derived this model from the transformation of the k-" two-
equation model using Bradshaw’s hypothesis. The main difference
between the BB and the present model lies in the form of the
destruction term where the latter is based on the inverse of the
vonKármánmixing length scale. It is worth noting that other models
such as the one by Durbin et al. [19] use this length scale, however,
without deriving it from the k-" closure. The transport equation for
the eddy viscosity is as follows:
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The inverse of the von Kármán length scale can be expressed as

1
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where ��
��������������
�ij�ij

p
, and the eddy viscosity is given by

�T � ~�TD2 (24)

with the following damping functions:
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D1 �
�T � �
~�T � �

; D2 � 1 � e�� ~�T=A����2 (25)

The model’s coefficients follow directly from the transformation
of the k-" model:

c1 � 0:144; c2 � 1:86; c3 � 7:0


 � 1:0; A� � 13; �� 0:41 (26)

Modified Menter Model

Elkhoury [15] modified Menter’s one-equation model primarily
by limiting the production rate and thus improving the model’s
predictive capabilities in nonequilibrium flows while retaining its
performance in simple boundary-layer flows. The modified version
of the k-!-based one-equation model is given by
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The production limiter, which is similar to the one used in
Elkhoury [15], is given by

fp �min�1:0;max�r0:03; e� ~�T=200��� (28)

where r is the destruction-to-production ratio given by

r 

j @ ~�T
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j

S�2LVK

(29)

The exponent term e� ~�T=�200 in the fp limiter was introduced to
eliminate any transition effect that the destruction-to-production
ratio, r, might have on the turbulencemodel. To demonstrate this, the
steady incompressible boundary-layer equation for two-dimensional
flow for the kinematic eddy viscosity, without viscous damping, can
be used and written as
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where the production-per-unit-destruction term can be formulated as
follows:
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The sign of P ~�T
determines whether ~�t amplifies or reduces in

magnitude. Using the Blasius similarity variable defined by
�� y=

���������������
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p
, a dimensionless velocity U�U1U�x; �� along

with a scaling of �N�x; �� for the eddy viscosity ~�t, show that P ~�T
varies with Reynolds number, or
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For a flat-plate boundary layer, at some distance downstream the
leadingwhenP ~�T

> 0 the eddy viscosity grows rapidly and transition
to turbulence takes place. To facilitate the analysis, let

X�
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p

�@U=@��2
j@2U=@�2jj@N=@�j

and using c1 � 0:144, c2 � 1:86 P ~�T
> 0when X > 12:92. With the

currentmodification to the production termEq. (32) can be expressed
as

P ~�T
�
�

c1X

c2�
2nXn

� 1

�
(33)

where the destruction-to-production ratio defined by Eq. (29) is
written as, rn � 1=��2nXn�. It is clear that with n� 0:03 and

�� 0:41, P ~�T
> 0 when X > 13:2, which means that transition will

take place further downstream, when compared with the original
model’s predictions. To retain the same transition location of the
original model the exponent e� ~�T=�200 was introduced. It is worth
noting that around the transition location, ~�t is of the same order of
magnitude as that of the laminar kinematic viscosity �; thus,
e� ~�T=�200 ! 1 and, as a result, fp ! 1. The constant in the exponent
was found numerically, such that the MM model does not alter the
transition location predicted by the original ME model. Figure 1
shows a comparison of predicted skin-friction coefficient over a flat
plate for the MEmodel and theMMmodel, including and excluding
the exponent term e� ~�T=�200. Hence, it clear that with the inclusion of
this term, the fp limiter does not alter the transition location of the
original ME model.

Models with destruction terms

@ ~�T
@xj

@ ~�T
@xj

and

~�T
c3LVK

j @ ~�T
@xj
j

are sensitive to freestream values of turbulent viscosity and produce
high-velocity gradients near boundary-layer edges [7]. To remedy
this, Elkhoury [15] adopted Goldberg’s [9,10] approach in treating
the destruction term of the above model, i.e.,

D� ~�T
c3LVK

����@ ~�T@xj
����if � > 0

and D� 0 otherwise. Although this modification works perfectly
near boundary-layer edges where � < 0, it renders the model non-
Galilean-invariant, and becomes problematic with multiple moving
walls.

Proposed Modification to the Destruction Term

In his 2006 version of the k-! model, Wilcox [20] added a cross-
diffusion term

@k

@xj

@!

@xj

to the ! equation that is active near shear-layer edges and in free-
shear flows, causing the model to behave like the k-" closure. To
achieve this, Wilcox [20] added this term only when

Fig. 1 Effect of the exponent, e� ~�T=�200 on the transition location for a

flow over a flat plate.
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@k
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and neglected it near solid boundaries, where

@k

@xj

@!

@xj
� 0

Hence, based on its sign, the model retains its original k-!
formulation in near-wall regions and shifts to k-" near shear-layer
edges. This condition is transformed to the k-!-based one-equation
model using Bradshaw’s hypothesis �T��

���������
C�k

p
and the

kinematic eddy viscosity �t � k=!. The following relation follows
from this transformation:

�� @�
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(34)

It is worth noting that the first term is always� 0 in the inner part
of the boundary layer and is >0 in the outer part when both, the
vorticity and the eddy viscosity rates decrease toward the shear-layer
edge. For a boundary-layer flow over a flat plate @U=@y is constant
and is equal tou�=� in theviscous sublayer,which implies that�� 0.
Substituting @�@U=@y�=@y��u��=y2 and @�t=@y� ut� into
Eq. (34) for the logarithmic-layer result sin�� 0. As @ ~�T=@y starts
to decrease in the outer part of the boundary layer, �! >0 and the
destruction term shifts to that of the k-"-basedmodel. Furthermore, it
is easily verified that the destruction terms of both the k-!- and k-"-
based models can be obtained when Eq. (34) is multiplied by ~�t=�

2.
It is clear from previous work [7,12] that the destruction term of the
k-!-based model is almost always negative and larger in magnitude
than that of the k-"-based model. Thus, � is almost always � 0,
except for the outer part of the boundary layer when @ ~�t=@y < 0. The
proposed destruction term can be expressed as
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>>:
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(35)

The model’s coefficients and damping functions are the same as
those of the ME model, except that A� � 12 for the present model.
Furthermore, the destruction-to-production ratio, r, should also shift
to that of the k-"-based one-equation model whenever � > 0, i.e.,

r�
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if � > 0

j�@ ~�T=@xj�j
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(36)

The implementation of this destruction term eliminates the
sensitivity of the model to freestream values of turbulence viscosity.
Figure 2 shows the variation of y=�0:99 vs �T=�ue��� for, respectively,

the k-!-based single-equation model with the unmodified
destruction term,

~�T
c3LVK

����@ ~�T@xj
����

and with the present modification. It can be clearly deduced that the
unmodified k-!-based one-equation model demonstrates sensitivity
to high and low freestream values of turbulent viscosity. However,
the present modification eliminates this sensitivity and renders the
model Galilean-invariant.

Spalart–Allmaras Model

This model, which was derived from physical arguments in
boundary layers and free-shear flows, is mature and well verified in
literature. The SA model excluding the transition terms can be
written as
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The modified magnitude of vorticity is given by

~���� ~�T
�2d2

fv2 (38)

The closure coefficients and damping functions are as follows:

g� r� cw2�r6 � r�; cw1 �
cb1
�2
� �1� cb2�



(39)

fv2 � 1 � �

1� �fv1
; �� ~�T

�
; fv1 �

�3

c3v1 � �3
(40)

fw � g
�
1� c6w3
g6 � c6w3

�
1=6

; r� ~�T
~��2d2

(41)

cb1 � 0:1355; cb2 � 0:622; cv1 � 7:1

cw2 � 0:3; 
 � 2=3 (42)

and the damped eddy viscosity is given by

�T � ~�Tfv1 (43)

Fig. 2 Effect of freestream turbulence intensity on the viscosity for the original and the modified one-equation k-!-based model.
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Numerical Method

An unsteady, implicit, compressible/incompressible full Navier–
Stokes solver was employed in curvilinear coordinate system ��; 	�.
The governing equations are given by

@tQ̂� @�F̂� @	Ĝ� Re�1�@�R̂� @	Ŝ� (44)

Here, Q̂ is the vector of conserved variables 1=J�
; 
u; 
w; e�, F̂ and
Ĝ are the convection flux vectors, and R̂ and Ŝ are the viscous fluxes
in the � and 	 directions along, respectively, the axial and normal to a
solid boundary. The solver features a third-order-accurate Osher’s
upwind-biased flux difference splitting scheme. The viscous fluxes
are computed with second-order-accurate central differences. All
models are solved and decoupled using an implicit approximate
factorization method. Further details regarding the numerical imple-
mentation are available in [8,21,22].

Results and Discussion

Five different test cases were used for the assessment and
validation of all the considered turbulence models. The first case is
flow over a flat platewith zero pressure gradient. The second test case
involves a shock/boundary-layer interaction over the NACA 0012
airfoil. The third and fourth test cases involve adverse pressure
gradient over the Aerospatiale-A airfoil and the NACA 4412,
respectively. The fifth and last test case is the backward-facing-step
flow that involves separation at a relatively low pressure gradient. A
C-type gridwas used for all airfoil test cases. For all external-flow test
cases, the freestream turbulent eddy viscosity is set to one tenth of the
laminar eddy viscosity and the inflow/outflowboundary variables are
evaluated using Riemann-invariant extrapolation. A grid study was
conducted for all test cases to ensure grid independence. The com-
plexity of all the models’ functions had no effect on the numerical
stability of the computations resulting in solidly converged pre-
dictions with almost similar convergence rates. Using similar
Courant–Friedrichs–Lewy limits and grid sizes, the GO model
required the least CPU time, followed by the SA and MM models,
with differences of 3.3 and 4.4%, respectively. The MM and FS
models had about the same difference of 6.0%, compared with the
GO model. The WN model required the highest CPU time resulting
in a difference of about 16.6%.

Flow over a Flat Plate at Zero Pressure Gradient

This case was one of the building bricks for testing the modi-
fications and validating all other models for an equilibrium-flow test
case. A good turbulence model should be capable of predicting the
wall-law profile. The freestreamMach number was set to 0.3 and the
Reynolds number was taken as 6:0 	 106. The flow was computed
using an 81 	 81 grid with the first point off the wall, yielding a y�

value of around 0.5. As expected, the present modifications do not
alter the solution in equilibrium-flow cases; hence, the MM model
yields good predictions for the flat-plate turbulent boundary layer.
The comparison of all models results in the analytical wall-law
profile given in Fig. 3. The computational profilewas taken at 60%of
the plate. The analytical wall-law profile was plotted according to
u� � y� in the viscous sublayer, u� � 5:0 ln �y�� � 3:05 in the
buffer layer, andu� � 2:5 ln �y�� � 5:5 in the logarithmic layer. The
results of all models collapse very closely to the analytical solution,
except for the GO model, which surprisingly underpredicts the
logarithmic layer of the wall-law profile. The skin friction is plotted
for the flat plate in Fig. 4. All models are comparedwith the empirical
correlation by Schultz-Grunow, as reported in [23], Cf=2� 0:185=
�log10Rex�2:584. The skin-friction profile is very well predicted by all
models.

Transonic Flow over the NACA 0012 Airfoil

A Mach 0.799 flow over the NACA 0012 airfoil with an angle of
attack set at 2.26� and a Reynolds number of 9:0 	 106 was
investigated. Experimental data for this case consist of wall pressure
coefficient measurements along the upper and lower surfaces of the

airfoil given by Harris [24]. This is one of the most challenging test
cases, due to the shock-induced separation; hence, the sensitivity of
the turbulence model is expected to be considerably more
pronounced. The grid used had dimensions of 257 	 65, with 223
points lying on the airfoil surface. The first centroidal point in the
offbodymeshwas located at y� 
 1. The farfieldwas approximately
extended to 16 chords from the airfoil surface. Figure 5 shows the
surface pressure coefficient predicted by all models for the fully
turbulent run. Overall, the MM model corresponds best to the
experimental data in terms of the shock location and the postshock
pressure coefficient profile. TheGOmodel rates second at predicting
the shock location and underpredicts the postshock behavior. The
SA, ME, and FS models fall very close to each other, with the SA
being the closest to the experimental shock location. TheWNmodel
rates last at predicting the shock location, which in turn indicates that
the model predicted a delayed transition in the vicinity near the
airfoil’s leading edge. This behavior is clearly noted in the skin-
friction coefficient over a flat plate, where the model predicts a
deferred transition location when compared with all other models.

Flow over the Aerospatiale-A Airfoil

The Aerospatiale-A airfoil is among the most challenging test
cases, and relatively few computational studies have been carried out.
The test casewas computed on a 341 	 45 grid, with the first node off
the surface at y� 
 2. The airfoil’s angle of attack was set at 13.3�

Fig. 3 Analytical law-of-the-wall profile for the flat-plate case.

Fig. 4 Skin-friction profile for the flat-plate case.
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with a Mach number and a Reynolds number of 0.2 and 2:0 	 106,
respectively. Computations were performed by artificially tripping
the boundary layer at 12 and 30%of the chord on the respective upper
and lower surfaces of the airfoil. The skin-friction coefficient on the

upper and lower sides of the airfoil is given in Fig. 6. The SA, FS, and
MM models closely predict the experimental measurements,
followed by the GO model, which slightly underpredicts the skin-
friction coefficient distribution. The ME model shows the highest
level of overprediction of the experimental measurements and is
closely followed by theWNmodel, which seems to perform slightly
better in the region close to the leading edge. A very mild laminar
separation bubble is detected by all models on the suction side of the
airfoil near x=c� 0:1, which is consistent with the experimental
measurements [25]. Figure 7 shows the mean streamwise
components of the normalized velocity profiles for the locations of
x=c� 0:3, 0.7, 0.87, 0.96, and 0.99. The GO model returns the best
prediction relative to all other models and is evident when inspecting
velocity profiles located toward the trailing edge: specifically, at
x=c� 0:96 and 0.99. The MM model rates second, followed by the
SA model in near-wall regions and by the ME model away from the
wall within the boundary layer. The velocity profiles predicted by
the FS model fall on top of those predicted by the ME model in the
vicinity of the wall and very close to those predicted by the WN
model away from the wall. The WN model rates last at predicting
velocity profiles on the suction side of the airfoil. It is worth
mentioning that the SST model, which was assessed by Kotapati–
Apparao et al. [26], did not produce qualitatively better results than
those obtained by the GO and MM models.

Flow over the NACA 4412 Airfoil

TheNACA4412 is a challenging test case as it involves substantial
separation and has been widely used in literature to validate
turbulencemodels. The airfoil’s high angle of attack, 13.87�, causes a
large adverse pressure gradient on the suction side that rapidly
thickens the boundary layer, leading to flow separation. The experi-
mental data, which consists of velocity profiles at several locations
along the suction side, is given by Coles and Wadcock [27]. The
inflow Reynolds number was set to 1:52 	 106 with a Mach number
of 0.2. A 257 	 91 grid was used with 191 nodes lying on the airfoil
surface with a minimum wall distance of y� 
 1 and an outer
boundary extent of approximately 15 chords. The boundary layer
was tripped at x=c� 0:023 and 0.1 along, respectively, the upper and
lower surfaces of the airfoil. A comparison of the mean velocity
profiles with the experimental measurements for all considered
turbulence models are given in Fig. 8. The MM model correctly
accounts for the nonequilibrium effects by accurately predicting the
separation bubble height. In the near-wall region the SA model rates
second at predicting the velocity profiles and the ME model
outperforms the SA model at locations away from the wall. All
models except the GO model predict velocities that are more
consistent with the experimental data closer to the leading edge, but
the discrepancies of the SA, ME, FS, and WN models magnify
further downstream. TheGOmodel rates last, as it well underpredicts

Fig. 5 Surface pressure distribution over the NACA 0012 airfoil.

Fig. 6 Skin-friction coefficient distribution for the Aerospatiale-A

airfoil.

Fig. 7 Velocity profiles for the Aerospatiale-A airfoil at x=c� 0:3, 0.7, 0.87, 0.96, and 0.99 on the suction side of the airfoil.
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the mean velocity profiles, followed by the WN model, which
overpredicts these profiles and hence barely detects separation. The
GOmodel predicts an early and a massive separation at x=c� 0:602
that falls well ahead of the experimental range [27] of x=c�
0:75–0:8. This is followed by the SA model, which predicts
separation within the range of x=c� 0:75–0:8. The MM and FS
models predict separation at x=c� 0:85 and 0.86, respectively.
Although the inclusion of the fp function in theMMmodel results in
the best velocity profiles, it does not seem to improve the model’s
capability of predicting the separation location. A delayed separation
is predicted by both the ME and the WN models taking place at
x=c� 0:94 and 0.97, respectively. Although both of these models
incorporate different LRN terms and coefficients, the prediction of
the separation point is fairly close and is downstream of the location
predicted by the MM and the FS models. Thus, it may be concluded
that the prediction of the separation point is mainly attributed to the
form the destruction term. It is worth noting that the early separation
predicted by the GO model, which responded too quickly to adverse
pressure gradient, is mainly due to the destruction term that is similar
to that of the BB model.

Backward-Facing-Step Flow

The final test case considered for evaluating the predictive
capabilities of the six models is the Driver and Seegmiller [28]
backward-facing-step flow test case. The Reynolds number based on
the inlet velocity and the step heightHwas set to 37,500with aMach
number of 0.128. The expansion ratio based on upstream to
downstream channel heights was 1.125. This ratio is insufficient for
pressure variation to overwhelm turbulence effects. The flow was

computed using a grid size of 326 	 161 and extended from x=H

�59 upstream to x=H
 40 downstream of the step with a minimum
wall distant of y� 
 0:17. The original gridwas used byWilcox [14],
extending only to x=H
�4 upstream of the step. The viscous
adiabatic boundary condition was used on the lower wall and the
back of the step. On the upper wall, a slip boundary condition was
imposed toward the inlet of the channel, followed by a nonslip
adiabatic boundary condition. This inviscid wall condition extended
to x=H
�34 in order to match the experimental boundary-layer
profile at x=H
�4 and the Reynolds number based on the
momentum thickness, Re� � 5000. At the inlet the pressure,
velocities, and density were set to the freestream values, and the
turbulent viscosity was extrapolated from the interior domain. At the
outlet boundary, the pressure was set top=p1 � 1:005, and all other
flow variables were extrapolated from the interior domain. The
lower-wall mean skin-friction coefficients for all six models are
given in Fig. 9 and a close-up viewof the entire recirculation region is
given in Fig. 10. The reattachment length in the experimentwas in the
range of lr=H 
 6:16–6:36. The ME and SA models predicted the
reattachment length within the range of 6.16 and 6.29, respectively.
Both the WN and the FS models underestimated the reattachment
length, predicting it at 5.68 and 5.49, respectively. The GO and the
MMmodels overpredicted the reattachment length of the separation
bubble with values of lr=H 
 6:45 and 6.51, respectively. The mean
skin-friction coefficient downstream of the reattachment length is
best predicted by the ME and the MM models, whereas the WN
model overshoots near reattachment. This behavior is a result of low-
Reynolds-number terms that the WN model carried on from the
transformation of the low-Reynolds-number k-" model. All other
models underestimate the skin-friction coefficient downstream the

Fig. 8 Velocity profiles for NACA 4412 airfoil at x=c� 0:675, 0.731, 0.786, 0.842, 0.897, and 0.953 on the suction surface of airfoil.

Fig. 9 Skin-friction coefficient distribution for the backward-facing

step.

Fig. 10 Skin-friction coefficient distribution for the backward-facing

step. A close-up view of the recirculation region.
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reattachment point. The SA model is not in good agreement in the
separated region, as it underpredicts the experimental data,
overshooting at around x=H
 3. The GO and FSmodels predict the
depth of the separation zone at, respectively, x=H
 2:5 and 3 ahead
of the experimental location. The ME and the MM models slightly
underpredict the depth of the separation bubble, however, at nearly
the same experimental location.

The velocity profiles for this test case are shown in Fig. 11. The
results of all models are very similar, even in the recirculation region,
and closely predict the experimental data. However, it appears that
almost all models predict a sluggish recovery of velocity profiles,
specifically, downstream of the reattachment point. Shear-stress
profiles depicted in Fig. 12 show slight variation among models
within the separation bubble and fall very close to each other down-
stream of the reattachment point. In the recirculation region, theWN
model best predicts the shear-stress profiles, followed by the MM
model. The latter shows a slight improvement when compared with
the ME model. The SA and the GO models rate last, as they
overpredict the shear-stress profiles close to the back of the step, at
around x=H
 2 and 3, and underpredict them near the reattachment
point, at around x=H
 6 and 7.

Conclusions

A study of one-equation turbulence models for several test flow
cases has been conducted. These newly developed models, four of

which are derived usingMenter’s methodology of transforming two-
equation models, have been assessed against five different test cases.
These flow cases ranged from a simple flat plate to highly non-
equilibrium test cases that include flow separation and shock/
boundary-layer interaction. The following conclusions are drawn
from the study:

1) Generally, the MM model returns better predictions relative to
all other models considered in this study. The modification of the
destruction term did not deteriorate the performance of the model
when qualitatively compared with its performance in a previous
study; however, it rendered the model Galilean-invariant. For
adverse-pressure-gradient flows the fp function improves the
predictive capability of the model in the outer part of the boundary
layer; however, it has relatively no influence on the prediction of the
separation point, which is mainly affected by the form of the
destruction term.

2) The WN model sluggishly responds to adverse pressure
gradient/shock/boundary-layer interaction flows and thus, is among
the least suitable for such applications. The performance of this
model, with a nonlocal formulation shortcoming, might be closely
related to the transformation of the k-" model, which encompasses
the closure’s LRN terms. The effect of these terms can be noted by the
overshoot of the friction coefficient near the reattachment point in the
backward-facing-step test case, awell-known behavior of k-"model.
Furthermore, it may be deduced that the models’ calibration and
LRN functions have stronger impact on the predictive capability of

Fig. 11 Velocity profiles for the backward-facing step at x=H � 2, 3, 5, 6, 7, 10, 12, 14, 20, and 32 on the lower wall of the channel.

Fig. 12 Shear-stress profiles for the backward-facing step at x=H � 2, 3, 5, 6, 7, 10, 12, 14, 20, and 32 on the lower wall of the channel.
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the models in internal flow problems, compared with various forms
of destruction terms.

3) The GO model violates the Galilean invariance and responds
too strongly to adverse-pressure-gradient flows by predicting
massive separation in attached regions. To a large extent, this behav-
ior is related to the destruction term,which is similar to that of the BB
model. Furthermore, themodel is not properly calibrated, as it fails to
predict the basic logarithmic-layer profile for the considered
equilibrium flow over a flat plate.

4) The ME and the FS models’ predictions are fairly close in all
considered external-flow test cases. The latter better predicts sepa-
ration in flows with adverse pressure gradient, whereas the former
better performs in backward-facing-step internal channel flows. This
is mainly due to the use of different destruction terms, as that of the
FS model responds better to flows with adverse pressure gradients.

5) The SAmodel does a fair job of predicting internal and external
flows. However, the model does not offer any advantage over other
models, especially because it explicitly depends on the distance to the
closest wall, rendering it less desirable in flowfields with complex
geometries.

In future work, most of these models have to be applied to three-
dimensional test cases to determinewhether they are able to describe
more complex engineering flowfields.
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